A simple model is developed for studying the interaction of bright excitons in semiconducting single-wall nanotubes with charged impurities. The model reveals red shift in the energy of excitonic states in the presence of impurity, thus indicating binding of free excitons in the impurity potential well. Several bound states were found in absorption spectrum below the onset of excitonic optical transitions in the bare nanotube. Dependence of the binding energy on the model parameters, such as impurity charge and position, was determined and analytical fits were derived for a number of tubes of different diameter. The nanotube family splitting is seen in the diameter dependence, gradually decreasing with the diameter. By calculating the partial absorption coefficient for a small segment of nanotube, the local nature of the wave function of the bound states was derived.
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I. INTRODUCTION
Single-wall nanotubes (SWNTs), tiny hollow cylinders of rolled up graphene sheets, are quasi-one-dimensional (quasi-1D) structures, since their diameter, in the range of one nanometer, is much smaller than the length, up to several hundred micrometers.
1-3 Thus Coulomb interaction, enhanced in 1D, determines their electronic and optical properties. The Coulomb interactions (many-body effects) in SWNTs lead to band gap renormalization 4 and formation of strongly correlated electron-hole pairs, i.e., excitons, [5] [6] [7] with binding energies of the order of several hundred meV, much greater than in typical bulk (3D) semiconductors. Solid understanding of the optical properties of SWNTs may allow multiple applications in nanoscale electronics and nanophotonics, making them viable candidates for next-generation nanoscale optoelectronics.
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Both theoretical calculations and experimental measurements confirm that the optical properties of SWNTs are dominated by excitonic effects. Different theoretical approaches have been used to investigate excitons in SWNTs, including the variational solution 14 , or Bloch equation method combined with the tight-binding approximation (TBA) for nanotube single-electron band structure. 6 The most precision was achieved within ab initio approach combining the solution of the BetheSalpeter (BS) equation with DFT GW -correlated quasiparticle energies. 15, 16 The crucial role of excitons for SWNT absorption was confirmed in two-photon experiments in 2005. 17, 18 Since then the experimental studies on excitons were extensive. [19] [20] [21] [22] [23] Various excitonic interactions, such as exciton-phonon coupling, 24, 25 excitonplasmon coupling, 26 interaction with external electric and magnetic fields 27, 28 have been investigated. Most recently the focus of research was on the interactions of excitons with a single charge of mobile (or localized) electron/hole (thus forming a mobile or localized three-body trion) and exciton interactions with a point charge impurity ions. [29] [30] [31] [32] The latter is also subject of our work. A fundamental theory of the electronic and optical properties of semiconductors shows importance of impurities, which are often unavoidable and can alter intrinsic properties of semiconductor materials substantially. The single-layer structure of SWNTs makes them extremely sensitive to the surrounding conditions and provides a route for electronic doping via adsorption of molecules with higher (or lower) electron affinity. This can produce drastic changes in their optical properties. [33] [34] [35] [36] While the subject of impurity doping is well understood in bulk semiconductors, the role and impact of doping in low dimensional materials like carbon nanotubes is still under investigation, and nature of electronic impurity levels in single-walled carbon nanotubes associated with adatoms is not fully understood yet.
In this paper, we present a model for interaction of excitons with an immobile charge impurity adsorbed on a semiconducting SWNT. We demonstrate that this interaction can induce exciton localization. We show that for a given SWNT, the degree of localization, as indicated by the red shift of the excitonic energy level in a local vicinity of the impurity, depends on the effective charge (effective valency) of the impurity ion, Z|e|, and the distance between the ion and SWNT, d. Corresponding scaling laws with Z and d will be derived.
The model can be applied to several cases, for example, to describe SWNT interacting with charged molecules/atoms adsorbed on its surface 37, 38 or nanotube-lanthanide ion complexes in solutions. 39 It is known that the ssDNA-wrapped tubes carry a significant surface charge [40] [41] [42] due to ionization of the DNA backbone. Thus the model can be relevant for interpretation of the optical shift of the excitonic frequency for the SWNTs coated with DNA 43 (or other ionic polymer 44 or surfactant 45 ), the effect formerly attributed to unspecified solvatochromism. [46] [47] [48] [49] We speculate that the model can be also applicable to SWNTs placed on a silica substrate, as in the vast majority of optoelectronic devices, because of significant density of the surface states of silica which are readily ionized under ambient conditions. The model should also apply to certain cases of SWNT chemical functionalization. For example, divalent covalent bonding was shown to preserve original pi-band structure of the SWNT while adding charge groups placed very close to its surface 50 . This paper is organized as follows: In Sec. II, we develop the theory of impurity scattering of excitons in single-wall carbon nanotubes. In Sec. III, we provide the solution for exciton scattering equation and discuss numerical results. In Sec. IV, we study the optical absorption spectrum of carbon nanotubes in the presence of charged impurities. A short summary concludes the paper.
II. GENERAL FORMALISM
We consider a SWNT of finite length, L, and diameter, d t , whose excitations are dominated by correlated electron-hole pairs (excitons), interacting with an impurity ion with the effective charge Z|e| (Z being the effective valency of the ion) placed at a distance d above the surface of the SWNT, as shown in Fig. 1 . In our model, we treat the potential of an impurity ion as a point charge perturbation to the excitons in the pristine SWNT. That is, we assume that the polarization of the single-particle electron and hole states of the pristine SWNT due to impurity ion is negligible so one can use the same singleparticle wave functions even in the presence of the impurity. Explicit form of the single-particle wave functions is given in the Appendix in Eq. (A2). The total two-body Hamiltonian of the system, including perturbation, may be expressed as
where
which has translational symmetry of the SWNT lattice. The diagonal term D = E c − E v , is the sum of the quasiparticle energies for the uncorrelated electron-hole pair, while K x and K d are the exchange and direct Coulomb interaction matrices [52] [53] [54] .
The operator of interaction is:
here r e and r h refer to the position vector of the electron and hole, respectively; while r p refers to the position of the impurity ion. Since the interaction potential includes both electron and hole symmetrically and we also assume electron-hole symmetry in single-particle band structure, the model gives the same magnitude of perturbation for both positively and negatively charged impurity. Furthermore, in the second order of perturbation theory implemented below, the exciton binding energy is the same for either sign of the ion charge.
55
It is more convenient to solve Eq. (1) in momentum space. Then the BS equation can be written as
here Ω
(n) α (Q) is the energy of the nth excitation, α is the quantum number distinguishing bright (B) and dark (D) excitons, Q is the center of mass momentum, and A (n) α,Q (k) is the excitonic wave function in the momentum representation. We consider only excitons with zero total angular momentum which form the lowest energy manyfold 56, 57 . More rigorous analysis of spin-singlet excitons includes also a doublet state of an exciton with non-zero total angular momentum (E-symmetry) in addition to A 1 and A 2 states, the dark (valley-antisymmetric) and bright (valley-symmetric) states. In the coordinate space the exciton wave function, as a solution of the bare BS equation, can be expressed as a linear combination of the products of the single-particle electron-hole wave functions:
here α = 0/1 corresponds to the bright/dark state and the functions ψ cµk (r) are single-particle wave functions, given in Appendix.
In the presence of the impurity, one has to solve the scattering problem. The scattered state can be expressed as
where the wave function amplitudes C (i) αnQ must satisfy Eq. (1). In the momentum space it reads as: with the matrix elements S
In principle, the eigenstates, labeled with the new quantum number i, represent scattered states of perturbed continuum as well as bound states, localized near the impurity as we will show below. The impurity binding energy for the ith scattered state, I
(i) E , is defined as the difference with the energy level of the lowest state of unperturbed bright exciton (n = 1):
In what follows, we focus on the binding energy of the lowest scattered state (i = 1) and for shortcut notations we use below:
E .
III. NUMERICAL SOLUTION OF THE IMPURITY EQUATION AND DISCUSSION OF THE RESULTS
The task of solving Eq. (6) can be very formidable. However, a few approximations can help to reduce the computational burden. For spin-singlet excitons with zero total angular momentum, the Hilbert space of solutions of the BS equation consist of the bright (valleysymmetric) and dark (valley-antisymmetric) subspaces. The interaction Hamiltonian does not couple bright and dark exciton manifolds (as derived in Appendix). Thus one can solve Eq. (6) separately for the bright and dark manifolds and S
Still, even in the subspace of bright states, the matrix S nn ′ BB (Q, Q ′ ) can be very large since it includes a number of excitonic states with different Q and n quantum numbers.
In order to calculate the energy of the lowest state and I E in the most efficient way we have to reduce the size of S nn ′ matrix. We compute I E (n) as a function of the n−cut off, and increase n until we reach convergence, as illustrated in Fig. 2 for a (11,0) SWNT. Same convergence was obtained for Q−cut off. Since we performed our calculations for a finite length nanotube, we ensure the stability of numerical results with changing the length of the system. For this particular example of (11,0) SWNT a cut off length of L = 101T (where T = 0.43 nm is the unit cell length) and a cut off number of bands of n = 25 allowed us to achieve convergence for the exciton binding energy. Fig. 3 shows the exciton dispersion for pristine (11,0) SWNT together with the impurity induced bound states with binding energies E b = 81 meV and E b = 46 meV calculated for d = 2Å and Z = 3.
We found pronounced dependence of I E on the tube diameter, d t . In Fig. 4 , I E is shown as a function of d t . All data points branch into two curves for two different families r = Mod(2n + m, 3) of zigzag tubes. The family splitting decreases with increasing d t , as well as the overall magnitude of I E . This can be due to decreasing SWNT curvature or due to the total dipole matrix element (with respect to the ion position above the SWNT surface) which decreases with increasing nanotube size. In order to further investigate this we performed detailed analysis of the behavior of I E with varying position of the impurity (and also its charge) for the fixed value of d t .
For a given SWNT, the interaction Hamiltonian H int given by Eq. on the latter parameter is expected to be commensurate with the symmetry of the SWNT lattice.
2D map in Fig. 5 presents the variation of the exciton binding energy profile: I E (x, z), where x = (R + d)θ is the (curvilinear) surface coordinate of the impurity in the circumferential direction, and z in the axial direction. The I E (x, z) profile, shown for (11,0) SWNT (within one unwrapped unit cell) for fixed d = 2Å and Z = 3, has the maximum when the impurity is right above the center of the carbon bond, and the minimum above the center of the hexagon (as show in the inset of Fig. 2 ), though the energy difference is negligible, about 1 meV. Now, we consider the dependence of I E on d for fixed x, z. Fig. 6 shows the variation of I E with d for (11,0) SWNT with the ion position shown in the inset of Fig. 2 and Z = 3. For small separation from the nanotube wall one can fit the dependence with the exponential function:
where the amplitude, I 0 , and the characteristic distance, d 0 , vary with the tube diameter, and the effective valency Z. Fitting parameters I0, d0, A α, B and β for several (n,0) tubes. I0 and d0 are fitted in the range 2Å ≤ d ≤ 20Å for Z = 3; A and α are computed using d = 3Å; while B and β are computed for Z = 3 and fitted for d ≥ 22Å. tion due to a single charged impurity is weak, this is the region of interest to be compared with the experiments. We remark however that for large distances the dipole approximation for the field of the exciton becomes valid. In this approximation, the perturbation due to impurity may be expressed as
where r = r e −r h is the relative coordinate of the exciton, and R cm = (r e + r h )/2 is the center of mass coordinate. Therefore, for large distances the binding energy scales as
The fitting parameters B and β were computed for several SWNTs and the results are summarized in Table I . We can carry out a similar scaling analysis for the dependence of I E on Z, effective valency of the impurity ion at the fixed ion position. We found the power law dependence The fitting constants A and α are summarized in Table  I for zigzag SWNTs for d = 3Å.
IV. OPTICAL SPECTRUM IN THE PRESENCE OF IMPURITY
In order to facilitate comparison of our theoretical predictions with the experiments, we calculate the absorption coefficient of the system, α(ω).
Within our model we need to include only the states originated from the bright exciton manifold with the wave function of ith eigenstate, given by:
Interaction of the excitons with the light of polarization η, is given by the absorption coefficient:
where ω is the photon energy of an incident light, c is the speed of light, n b is the background refractive index (n b = 1 for air-suspended tubes), is the reduced Planck constant, and the matrix element is as follows:
here |GS is the ground state of the SWNT and p is the dipole operator. The matrix elements M nQ can be expressed via the dipole matrix elements of the singleparticle wave functions:
In the absence of the impurity, the excitations of the system are solutions of the bare BS equation and Eq. (14) reduces to:
It is very instructive to visualize all scattered excitonic states by plotting the density of states (DOS) because some of those energy levels may have negligible dipole matrix elements. The finite temperature DOS is given by:
where we replace the Dirac delta function with a Lorentzian with the line width Γ. The DOS for the (11, 0) SWNT is shown in Fig. 7 (left) for different line width values of 5 meV ≤ Γ ≤ 28 meV. All curves are offset for clarity. We emphasize that appearing shift of the peak position is solely due to broadening of several neighbor energy states. Two bound levels are clearly seen at E (1) = 1.054 eV and E (2) = 1.089 eV, both corresponding to the impurity induced localized states, as we prove next.
The absorption of light with η z (axial) polarization for the (11,0) SWNT is shown in Fig. 7 (right) . Since the total oscillator strength of non-localized excitonic states, integrated along the SWNT length, is larger than the one of the bound state from a single impurity, direct comparison of the total absorption is difficult. Thus we introduce the partial absorption coefficient α(z, ω). In calculating α(z, ω) we use the dipole matrix element, integrated out only within a narrow belt with the width T /4, containing one ring of carbon atoms:
here j labels the ring position within the finite size SWNT, −L/2T ≤ j ≤ L/2T . Corresponding matrix element is given by:
In the absence of impurity one has to replace E (i) in Eq. (19) with the bare exciton energy Ω (n) B (Q), the index of summation i → n, Q and use bare dipole matrix element given by:
Using the line broadening of 10 meV we plot in Fig.  7 , right, the spectrum of the partial absorption along the SWNT axis. The lineshape at large distance from the impurity coincides with the bare absorption spectrum (thick line). At the small distances the same two peaks as in DOS, red shifted from the bare lowest bright exciton position Ω The partial absorption coefficient map or the local optical DOS, shown in Fig. 8 as a function of the photon energy and axial position along the SWNT, has the same low energy spectral features, as seen in Fig. 7 . The bound states have very low optical density far away from the impurity position at z = 0, with the characteristic localization length of several nm. This is why the partial absorption is almost the same as in the bare SWNT outside the central region.
V. CONCLUSION
In summary, we have shown that a single charged impurity can induce exciton localization in SWNT. The states localized by the impurity can have binding energies ranging from few meV to hundreds of meV depending on the geometry of the actual SWNT-ion complex. We calculated this dependence and parameterized it for three main parameters of the model: the SWNT diameter, d t , the effective charge of the impurity ion, Z, and the distance of the ion from the surface of the SWNT, d. The binding energy has a weak dependence on the position of the ion on the SWNT surface for the fixed main parameters. Thus one may expect that in certain cases the impurity could be mobile on the tube surface. By calculating the partial absorption coefficient for a small circular segment of nanotube as a function of the axial coordinate, the local nature of the wave function of the bound states in the vicinity of the impurity was derived. Localization length of the impurity bound exciton can be as small as several nanometers for Z = 3, tri-valent ion at the distance d = 2Å from the SWNT surface.
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here α = 0/1 corresponds to the bright/dark state and the functions ψ cµk (r) are the single-particle wave func-tions. The latter can be written in tight-binding approximation (TBA) in the form
as the linear combinations of the Bloch functions ψ sµk (r). Using four atoms per unit cell in the SWNT one derives:
N c is the number of unit cells in (n, 0) zigzag SWNT of the finite length, L = N c T , here T is the unit cell length. The coefficients C λ µk (s) are TBA wave function amplitudes, the function U (r − R si ′ j ) represents the atomic orbital localized on site si ′ j; k is the axial momentum, defined within the first Brillouin zone:
and µ the azimuthal quantum number, whileμ stands for −µ.
Appendix B: Evaluation of matrix elements and detailed derivation of the coupling between bright and dark excitons
For excitons with zero total angular momentum, the Hilbert space of solutions of the BS equation consist of the bright and dark subspaces: |B and |D . We do not consider E-excitons here because of their non-zero angular momentum quantum number. Then the Hamiltonian, Eq.(1), has the form
Coupling between bright and dark excitons is described by the matrix element S nn ′ B,D (Q, Q ′ ) which may be expressed as
where If we neglect the polarization of the one-electron wave functions in the presence of the impurity, then one can use the orthonormality condition of the Bloch functions dr ψ vµk (r)ψ * vµ ′ k ′ (r) = δ µ,µ ′ δ k,k ′ (B7) to simplify the above equation and finally get:
I e = δ k,k ′ dr e ψ * cµk+Q (r e )H e (r e )ψ cµk ′ +Q ′ (r e ) (B9)
We can proceed in a similar fashion to compute all the matrix elements G K ′ K ′ , G K,K ′ and G K ′ ,K . It is trivial to show that:
Therefore, this perturbation potential cannot mix the bright and dark states. This means that the Hamiltonian matrix is block-diagonal. For the bright exciton, for example, sought solutions should be obtained from the Hamiltonian:
while for a dark exciton from:
